Abstract: Modeling of cancer hazards at age t deals with a dichotomous population, a small part of which (the fraction at risk) will get cancer, while the other part will not. Therefore, we conditioned the hazard function, h(t), the probability density function (pdf), f(t), and the survival function, S(t), on frailty α in individuals. Assuming α has the Bernoulli distribution, we obtained equations relating the unconditional (population level) hazard function, h U (t), cumulative hazard function, H U (t), and overall cumulative hazard, H 0 , with the h(t), f(t), and S(t) for individuals from the fraction at risk. Computing procedures for estimating h(t), f(t), and S(t) were developed and used to fit the pancreatic cancer data collected by SEER9 registries from 1975 through 2004 with the Weibull pdf suggested by the Armitage-Doll model. The parameters of the obtained excellent fit suggest that age of pancreatic cancer presentation has a time shift about 17 years and five mutations are needed for pancreatic cells to become malignant.
Introduction
Mathematical modeling of cancer hazards in aging is aimed at determining the relationship between the observed cancer incidences in the population with the carcinogenic processes ongoing in individuals. At the present time, many different carcinogenetic models have been developed in which the hazard of getting cancer in aging is considered as a random process. The main difference between these models is in accounting the variability of the hazard of getting cancer within individuals. Some of the models assume that all individuals initially have equal chances of getting cancer, 1,2 while other models assume that within individuals these chances are randomly distributed and introduce a nonnegative random variable (a frailty) that is multiplied with the hazard to cancer. 3 Modeling of cancer hazards in aging requires the use of a theoretical hazard function and, when frailty is assumed, a frailty distribution function. As hazard functions, linear functions, 1 exponential functions, 4 beta-functions, 5, 6 and some other functions have been used. 7 As frailty, the gamma-distribution, compound Poisson distribution, power-variance distribution, as well as other distributions, have been utilized. [8] [9] [10] [11] [12] Mathematically, the problem of modeling is stated as a best fitting of the hazard rates with observations using methods of regression analysis. The obtained models are useful when the utilized model parameters have apparent biological meaning and the estimated values of these parameters are consistent with the estimates presented by biological means. Unfortunately, often these models are very complicated and do not agree with the observed data. In addition, some model parameters do not have clear biological meaning, and/or their values are inconsistent with the estimates provided by the current knowledge on the carcinogenetic processes ongoing in individuals. 3 In the present work, for a better accounting for cancer hazards on individual and population levels, we utilized the main concepts of survival analysis (the survival function, S(t), the hazard function, h(t), and the probability density function (pdf), f(t)), and conditioned these functions on frailty α used on an individual level. We assumed that the population under consideration is a dichotomous one: a small part of this population (so called fraction at risk) will eventually get the cancer, 9 while the other part (immune fraction) will not. In such a case, it is appropriate to present the frailty α by the Bernoulli distribution. Based on the main concepts of survival analysis and the mathematical statistics, 13, 14 we developed novel equations and a computing framework to be used in carcinogenetic modeling. We suggested that these equations and the computing framework can be applied to estimate the parameters of different carcinogenic models with a given f(t) (or h(t), or S(t)) on the individual levels. As an example, we used the Weibull pdf, suggested by the Armitage-Doll multiple mutation model of carcinogenesis, and estimated the model parameters of the pancreatic cancer occurrence in aging using the corresponding data collected by SEER9 registries from 1975 through 2004.
Basic equations for Frailty Modeling of cancer Hazards in Aging
To determine the relationship between the estimates of the hazard function performed for the dichotomous population (population level) with the survival, hazard, and probability density functions determined on the individual level, we utilized the concept of frailty. We presented variability to cancer susceptibility between individuals in the dichotomous population using the Bernoulli distribution, which provides a binary presentation (1/0) to the statistical distribution of individuals within the considered population, assuming that "1" means that an individual belongs to the fraction at risk and eventually will get cancer, while "0" means that this individual belongs to the immune fraction and will not get cancer.
Main concepts for modeling of cancer hazards in aging for individuals from the fraction at risk
The concepts of survival function, S(t), a hazard function, h(t) and a probability density function (pdf), f(t), developed in "classical" survival analysis can be directly used for the mathematical presentation of events occurring in the fraction at risk. In this case, the event time, t, refers to the age of an individual when a cancer is diagnosed and the survival function, S(t), can be defined as:
where F(t) is a cumulative frequency function (or a cumulative distribution function, cdf), which refers to the probability that in an individual, a considered event will occur up to the time t. This function can be presented as:
By definition, a hazard function, h(t), is determined by formula
From (1)- (3) it follows:
Note that by specifying the probability density function, f(t), or the survival function, S(t), or the hazard function, h(t), the other two functions can be ascertained. For example, if f(t) is the Weibull pdf, then the corresponding hazard function, h(t), will be an exponential function of t and ln[−ln S(t)] is a linear function with ln t.
Basic equations for modeling of cancer hazards in aging for individuals from the dichotomous population
In frailty models, the basic hazard rate, h(t), is multiplied with the frailty positive random variable α. The frailty random variable expresses the extent of frailty in each individual. A large value of α reflects that an individual is highly susceptible to cancer, whereas a low value characterizes an individual that is less susceptible to cancer. The individual hazard rate and survival function conditioned on frailty can be expressed as
and
When the frailty distribution with the pdf, g(α), is known from the conditional survival function, S(t|α), which is determined on the individual level, one can obtain unconditional survival function, S U (t), and the unconditional hazard function, h U (t), on the population level. In fact, for the population under consideration, we have:
Note that if α is a discreet random variable, α = α Ν , N = 1,2…, with probability distribution g(α Ν ) = g N , then instead of (7) we have:
and by definition:
Based on the fact that only a small part of the population (fraction at risk) is exposed to the cancer, while the other part of the population (immune fraction) is not, we assumed that the frailty α can also take the value of zero (that means that the individual is immune to the cancer) and that the frailty α has the Bernoulli distribution with the parameter, p, which is a probability that a given individual will eventually get the cancer. The Bernoulli distribution, which in mathematical statistics is usually designated as B (1,p) , has the following discreet pdf:
In such a case, according to (6) and (8), we have:
Taking into account (1), (2), (9) , and (12) we have: 
For the majority of cancer types, p ,, 1 (because a particular type of cancer is a rare disease) and the denominator of the right side of the (13) is very close to 1. Therefore, from formula (13) it follows that h U (t) can be approximated by pf(t):
(Below, without losing generosity, we considered formula (14) as a precise equality).
According to (14) , in the age-specific population, the age-specific hazard function is proportional to pdf, f(t), of ages at which individuals from the fraction at risk will get cancer. Taking into account that f t dt
= , the parameter, p, can be easily obtained by integrating both sides of (14):
On the other hand, by definition, the overall cumulative unconditional hazard rate, H 0 , is determined as:
where
is the unconditional cumulative hazard rate. Thus, from (15) and (16) it follows that, on the population level, the overall cumulative unconditional hazard, H 0 , characterizes the fraction at risk in the dichotomous population and is equal to p. Finally, by dividing both sides of (14) on p and substituting p on H 0 we can obtain that:
The equation (18) relates the hazard function, h U (t), and the overall hazard, H O , on the population level with the pdf, f(t), on the individual level. The left side of (18) can be estimated from the observed data. We consider (18) as a basic equation for estimating the unknown model parameters of f(t) based on values of h U (t) and H O that can be estimated from the observed data. As we show below, the problem of estimating the model parameters of f(t) from the values of h U (t) and H O is reduced to the problem of solving the corresponding system of the conditional equations.
Using (1) to (4) and (18), after elementary transformations, one can obtain the following two equations:
These equations can also be used for forming the system of the conditional equations from which unknown parameters of model hazard and survival functions can be estimated.
computing procedures for Modeling of cancer Hazards in Aging
Below we propose computing procedures for modeling cancer hazards in aging by using the observed data on the population level (presented in a discrete tabulated form) and a theoretical form of the pdf, f(t), given on the individual level. In a discrete form, to solve the problem of modeling of cancer hazards in aging, the following three procedures need to be consecutively executed.
Procedure 1: estimation of the agespecific hazard rates by the age-periodcohort (APC) analysis (| | ; , , ..., ), = =1 2 are known. In cancer registries, the cancer incidences and the size of population are usually tabulated with five-year age intervals and five-year timeperiod intervals (ie, ∆ = 5). Such tables have n rows, associated with the age intervals, and m columns, associated with the time-period intervals. The estimates of the age-specific incidence crude rates for each i,j cell of a cancer registry 
where t i is the midpoint of the i-th age interval (i = 1,2, …, n). (Here and below symbols "^" designate the corresponding estimates.) In (21) and (22), m i,j and P i,j are the number of cancer cases and the size of population in the i-th age interval, observed during the j-th time-period, correspondingly. According to the log-linear age-period-cohort (LLAPC) model, the observed age-specific incidence rates can be presented as:
where v j and u i are the time-period and birth-cohort effects, correspondingly, and h U (t i ) are the values of the unknown hazard function at age, t i , to be estimated from the system of the conditional equations (23) . In (23) , the index l is defined by a linear combination of the age and time-period indexes in the following way:
From system (23) it follows that, when the timeperiod and birth-cohort effects are negligible (v j ≅ 1 and u l ≅1), the best estimates of the hazard function values, ˆ( )
h t , will be the weighted means of the incidence rates:
where weights, W i,j , can be calculated using formula (22) as: (27) When the time-period and birth-cohort effects are significant, the estimates, ˆ( ) U i h t , can be obtained by the age-period-cohort (APC) analysis. Recently, 19 we proposed an efficient computational procedure for determining the APC effects in the frame of the LLAPC model and demonstrated how this procedure can be used in practice.
Procedure 2: estimation of the pdf, cdf, hazard, and survival functions on the individual level
To estimate f(t), we will use the equation (18) that presents a relationship between the values of the hazards of getting cancer in aging and f(t). In a discrete form, the estimates ˆ( ) i f t can be obtained from formula (18) by substituting h U (t) and H O with their estimates:
h t , are determined by formula (25) , and according to (16) , ˆO H can be determined as: 
20
Assuming that a correlation between errors of the ˆO H and ˆ( ) U i h t is negligible, and using standard rules of error propagation, we presented the standard errors of ˆO H and ˆ( ) i f t as:
Estimates of the cumulative distribution function
and the estimates of their standard errors, ˆ[ ( )]
i SE F t , can be obtained as follows:
where t k is the midpoint of the interval, ∆ k , and ˆ( )
SE f t are given by formulas (28) and (31), correspondingly.
Analogously, to estimate the hazard and survival functions on the individual level from the observed data in a discrete form, the systems of conditional equations can be constructed on the basis of the equations (19) and (20) . For estimates of the hazard function on the individual level we obtained:
where ˆO H is the estimate of the overall hazard given by formula (28). The estimate of the cumulative hazard, ˆU H , is obtained as:
SE H t SE h t SE H t SE h t SE h t i n (36)
It is easy to show that
According to (34), using the standard rules of error propagation, we have:
where estimates:
are given by formulas (34), (39), (25) , (27) , (37), and (38), correspondingly.
For estimates of the survival function on the individual level we have:
Note that 
Procedure 3: estimation of the model pdf (or cdf) parameters
Based on the theoretical models of carcinogenesis, one might assume that the f (t) ought to follow to some nonlinear (in a general case) function f of age, t, defined with the s parameters, To estimate these parameters, one can consider the system of conditional equations:
with the weights, w i , determined as:
where t i is the midpoint of the i-th age interval and ˆ( ) i f t is the estimate of the pdf at age t i , derived from the observations. Note that we have one response variable, that is the pdf of age, f(t), and one predictor variable, the age t. The predictor is assumed to be measured with no error, while the response data can be affected by an observational error. In general, to obtain the estimates The aforementioned computational procedure can be applied for determining parameters of different pdf (or cdf) with known mathematical forms. However, for modeling of the cancer occurrence in aging, the mathematical form of the pdf (or cdf) should be chosen by considering the appropriate biological concepts, leading to carcinogenesis. The parameters of this function should have distinct biological and/or epidemiological meaning.
As an example, let us assume that according to the multiple mutation carcinogenic model, the cancer occurrence in aging on the individual level can be represent with a two-or three-parameter Weibull pdf: 
where the λ is a "scale" parameter, t denotes age, r is a "shape" parameter, and A is a "shift" parameter (according to designations of (43), λ = = =    a r a A a 1 2 3 , and ). The shift parameter, A, was introduced into the carcinogenesis modeling more than 40 years ago, 4 where the effective exposure period, T = t − A, was used to improve the quality of curve fitting for prostate cancer.
For two-parameter Weibull distribution, when the estimates of the cdf, ˆ( ) i F t , and their standard errors, 2[ ( )] i SE F t in the age intervals, t i (i = 1,2, …, n), are known from observations, the following linear system of conditional equations with regard to unknown parameters, ln(λ) and r, can be written (note that here the response variable is ln{−ln[1−F(t)]} and the predictor is ln(t)) as: For three-parameter Weibull distribution, the problem is to estimate the parameters λ, r, and A from the observational rates (25) and their standard errors (27) . For this purpose, instead of the system of the conditional equations (47) to (50), the following system can be considered:
with weights:
and T t A i n
To estimate the parameters of the three-parameter Weibull distribution, one can use a special technique, analogous to one presented in MATLAB, 24 as follows. For each provisional value of the shift parameter, A, the λ and r parameters of the Weibull pdf, as well as their standard errors, are obtained by methods of linear regression. To evaluate the quality of fitting of the same dataset by different regression lines, the Akaike's information corrected criterion (AIC) can be used. 25 Assuming that the scatter of points around the regression line follows a Gaussian distribution, the AIC can be defined by the following formula:
where (SS) is the weighted sum of the squares of the residuals of the system (51) with the weights (53), l is the number of observed points, K = q + 1 (q is the number of parameters used for curve fitting). When fittings of the same dataset by different regression lines are compared, it is assumed that the curve fitting is better for the line with the smallest AIC. 25 In our case, the value of the shift parameter, A, from the set of provisional values, providing the best fitting with observations, can be considered as Â.
Note that the analogous procedures can be easily developed when instead of the parametric form of the pdf, 
Application of the computing procedures for Modeling pancreas cancer Data data preparation
The proposed computing procedures were utilized for modeling of pancreatic carcinogenesis using SEER9 data collected from 1975 through 2004. Table 1 presents the number of pancreatic cancer cases collected in this database. Below, we consider only data for the ages older than 30 years, assuming that for younger age the data are statistically indistinguishable from zero. The first column of Table 1 presents the middle points of five-year age intervals of the human lifespan beginning from the age of 30 (30-100 years). The following six columns present a number of cases in the five-year time periods. Table 2 presents the size of the population for the corresponding age intervals and time periods. Table 2 . Size of population (P i , j ) in the i-th age intervals (i = 1, ..., 14) and the j-th time periods (j = 1, ..., 6). 
Age interval size of population in the time periods

Modeling of pancreatic carcinogenesis in aging
To perform modeling of pancreatic cancer hazards in aging we consecutively completed three procedures of the proposed computing framework.
Procedure 1
As described in our previous work, 19 for the observed data, presented in Tables 1 and 2 , we performed APC analysis using the log-linear age-period-cohort (LLAPC) model. According to this model, an agespecific incidence rate of a cancer can be presented as a product of the time-period and birth-cohort coefficients, as well as an unknown age-specific hazard function (ie, the risk function of getting the cancer at a given age). We found that for the data presented in Tables 1 and 2 the time-period and birth-cohort effects are statistically insignificant (data are not shown).
Procedure 2
By neglecting the time-period and birth-cohort effects, we obtained ˆ( )
U i h t and [ ( )]
U i SE h t by formulas (25) to (27) . Note, in our calculations, the index, i, varied from i = 1, which corresponds to the age interval with Cancer Informatics 2013:12 , correspondingly. The differences between the overall cumulative hazard, H O , and the cumulative hazard function, H U (t i ), and the standard errors of these differences are given in the third and fourth columns of Table 3 . Figure 1 shows the discrete distribution of ˆ( )
h t in aging (presented by circles) with the 95% confidence intervals (CI) presented by error bars. As can be seen from this Figure, the hazard rates on the population level fall in old age and has a reverse bathtub shape.
Procedure 3
The ˆˆ( ), ( ), ( )and ( )
t F t h t S t were obtained by formulas (28), (32), (34), and (40), correspondingly, while their standard errors were obtained by formulas (31), (33), (36), and (42). The obtained values of thêˆˆˆ( ), [ ( )], ( ), [ ( )], ( ), [ ( )], ( )
i i i i i i i f
t SE f t F t SE F t h t SE h t S t and [ ( )]
i SE S t are presented in Tables 4 and 5 , correspondingly.
To perform modeling of pancreatic cancer hazards in aging, we used the multiple mutation carcinogenic model, according to which the cancer occurrence in aging on the individual level can be represented with a two-or three-parameter Weibull pdf, described by formulas (45) and (46), correspondingly. Our numerical experiments suggested that, in the case of pancreatic cancer, the best fitting of the observed data can be achieved by using the three-parameter Weibull pdf. Therefore, we show the results of this modeling below (data for two-parameter Weibull pdf are not shown).
To estimate the λ, r, and A parameters of the threeparameter Weibull pdf, we used the system of conditional equations, presented by formulas (51) to (54). By varying the values of the A from 0 to 30 years with a one-year age interval, we obtained estimates of two other parameters. For each set of parameters obtained in such a way, we evaluated the quality of fitting using the AIC as described previously. Figure 2 shows a variation of the AIC (presented by open circles) with age.
As can be seen from Figure 2 , the best fitting was achieved for ˆ1 7 A = , when AIC reached the minimum value. For this case, we found that Table 4 . estimates of the fˆ(t i ) and F(t i ), as well as their standard errors in each of the i-th age intervals (i = 1, …, 14). , which provide the best fit of the Weibull curve with ˆ( ) i f t . As can be seen from this figure, the pdf on the individual level has a reverse bathtub shape, which is similar to the shape of the hazard rates on the population level. Figures 4 and 5 show the estimates (presented by open circles) of the hazard and survival functions on the individual level, obtained from the formulas (19) and (20) 
Age interval estimates
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Notes
The ( ) i h t distribution was obtained from the observed pancreatic cancer incidence rates and modeled by three-parameter Weibull hazard function, values of the hazard and survival functions on the individual level.
Comparison of Figures 1 and 4 showed that the trends of the hazards in aging on the population level (see Fig. 1 ) and on the individual level (see Fig. 4) are dramatically different. Such phenomena can be explained by the fact that cancer is a rare disease occurring in the dichotomous population, a very small part of which will eventually get the cancer, while the biggest part of the population will not get cancer. 
conclusion
This work was inspired by the fact that the existing approaches used in carcinogenic modeling are focused on the ongoing processes on the individual level, while the observed data used in this modeling are obtained on the population level. Currently used mathematical equations relating hazard functions on the individual level with hazard functions on the population level are rather arbitrary, do not have clear biological/epidemiological meaning, and do not allow one to obtain an appropriate fitting with the observed data. Particularly, these equations do not answer why the hazard functions on the population level fall at old ages, while the hazard functions on the individual level do not fall.
In this work we analyzed the relationships between cancer hazards on the population and individual levels using mathematical concepts (the hazard function, h(t), the probability density function, f(t), the survival function, S(t), and frailty, α) in survival analysis. We showed that these concepts can be adopted for analyzing the hazards of cancer occurrence in aging, assuming that the considered population is a dichotomous one: a small part of this population (the fraction at risk) will eventually get the cancer, while the other part will not. We assumed that for individuals within the dichotomous population, α has the Bernoulli distribution, with parameter p. We used the model, h U (t) = pf(t), which is a special boundary case (when p ,, 1) of the general model with the Bernoulli frailty, S U (t) = 1 − p + pS(t). It should be mentioned that an analogous model was widely used in the cure models of survival analysis, 26 in which parameter p and parameters of survival function, S(t), have to be simultaneously estimated by multivariate regression. However, we showed that in the considered boundary case (p ,, 1), for arbitrary (parametric or nonparametric) f(t), p is equal to the overall hazard, H O , and for estimating p it is not a necessity to perform simultaneous estimation of the parameters of the individual level survival function, S(t), by multivariate regression. This allowed us to obtain three basic equations relating the unconditional (determined on population level) hazard function, h U (t), cumulative hazard function, H U (t), and overall cumulative hazard, H 0 , with the corresponding conditional equations (determined on the individual level) functions, h(t), f(t), and S(t), for individuals belonging to the fraction
One of the main advantages of these basic equations is that they have clear epidemiological meaning. Specifically, the equation h U (t)/H 0 = f(t) indicates that the values of the hazard functions on the population level, h U (t), are proportional to the probability density function, f(t), on the individual level, suggesting that the shapes of these functions should be similar. In addition, in this equation, the coefficient of proportionality is the cumulative hazard, H 0 , that characterizes both the fraction at risk in the dichotomous population and the probability, p, that an individual will eventually get the cancer. At the same time, the other equation, h U (t)/[H 0 -H U (t)] = h(t), indicates that the relationship between cancer hazards on population and individual levels depends on the age and may have different shapes. This explains why the hazard functions on the population level fall at old ages, while the hazard functions on the individual level may not fall.
Using the derived basic equations, we developed a computing framework for estimating the carcinogenic parameters from the observed cancer incidences in aging. The framework includes three procedures. The first procedure is aimed at correcting the cancer incidence rates observed on the population level on the time-period and birth-cohort effects and estimating the corresponding cancer hazards in aging (on the population level). For assessing the cancer hazards in aging, this procedure uses the LLAPC model. In the present work, we have used the procedure developed in our previous work that reduces the problem of estimating cancer hazards in aging to the problem with removable interactions. 19 The second procedure is aimed at estimating in a discrete form the pdf, cdf, hazard function, and survival function on the individual level from the cancer hazards in aging estimated by the first procedure. Finally, the third procedure is aimed at determining the model parameters of the pdf from the discrete estimates of the pdf (or cdf, or hazard function, or survival function) on the individual level, performed by the previous procedure. We showed that, in a general case, this problem can be solved by methods of nonlinear regression analysis.
As an example, we estimated the modeled parameters of pancreatic carcinogenesis, using the corresponding data collected by SEER9 registries from 1975 through 2004. We showed that, in the case of pancreatic cancer, the time-period and birth-cohort effects can be neglected. Therefore, we could use the observed incidence rates as the cancer hazards in aging. Then, using the obtained cancer hazards in aging, we estimated the pdf of pancreatic cancer in a discrete form. To obtain values of the carcinogenic parameters, we used the threeparameter Weibull pdf, suggested by the Armitage-Doll multiple mutation model. By using a special technique, we reduced the nonlinear problem of estimating three parameters of the Weibull pdf, to the problem with removable interactions and estimated parameters of this pdf that provide an excellent fitting with the observed data. The estimated values of these parameters suggest that age of pancreatic cancer presentation has a time shift about 17 years, and that, for pancreatic cells, at least five mutations are needed to become malignant. Our finding of the number of mutations required for pancreatic cells to become malignant is consistent with what is known about the required number of mutations leading to cancer occurrence in other organ sites. 27 Overall, in this work we mathematically proved that a simple assumption of a rareness of cancer in a dichotomous population (the Bernoulli frailty effect) is enough to explain why the observed incidence rates (hazard functions) on the population level fall at old ages, when the modeled hazard functions on the individual level are not falling. We derived three basic equations that relate the observed cancer hazards in aging on the population level with the hazard function, the pdf, the cdf, and the survival function on the individual level. We used these equations to develop a novel computing framework for estimating the carcinogenic parameters from the observed cancer incidences in aging. We suggest that the basic equations and computing framework developed in this work can be applied for estimating parameters of carcinogenic models with any given hazard function (or the pdf, or the cdf, or the survival function) on the individual level. 
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